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Abstract
The purpose of this paper is to investigate some properties of fuzzy ideals and
fuzzy bi-ideals in Γ-semigroups and to introduce the notion of fuzzy quasi ideals in
Γ-semigroups. Here we also characterize a regular Γ-semigroup in terms of fuzzy
quasi ideals.
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1 Introduction
A semigroup is an algebraic structure consisting of a non-empty set S together with
an associative binary operation[13]. The formal study of semigroups began in the early
20th century. Semigroups are important in many areas of mathematics, for exam-
ple, coding and language theory, automata theory, combinatorics and mathematical
analysis. Sen and Saha in [23], defined Γ-semigroups as a generalization of semi-
groups. Γ-semigroups have been analyzed by a lot of mathematicians, for instance by
Chattopadhyay[1, 2], Dutta and Adhikari[6, 7], Hila[10, 11], Chinram[3, 4], Saha[16],
∗The Research is partially supported by DST(Department of Science and Technology, Govt. of
India)-PURSE,
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Sen et al.[21, 22, 24], Seth[25].
After the introduction of fuzzy sets by Zadeh[28], reconsideration of the concept of
classical mathematics began. On the other hand, because of the importance of group
theory in mathematics, as well as its many areas of application, the notion of fuzzy
subgroups was defined by Rosenfeld[15] and its structure was investigated. Das char-
acterized fuzzy subgroups by their level subgroups in [5].
Hong, Jun and Meng[12] considered the fuzzification of interior ideals in semigroups.
Sardar and Majumder[17, 19] characterized interior ideals(along with B. Davvaz[20]),
ideals, prime(along with D. Mandal[18]) and semiprime ideals, ideal extensions(along
with T.K. Dutta[8, 9]) of a Γ-semigroup in terms of fuzzy subsets. This paper is a se-
quel to our study [8, 9, 17, 18, 19, 20] of fuzzification of Γ-semigroups. In this paper we
have investigated some properties of fuzzy ideals, fuzzy bi-ideals and fuzzy (1, 2)-ideals
and characterized a Γ-semigroup which is left(right) simple, left( right) duo, left(right)
regular, intra-regular, regular in terms of fuzzy ideals and fuzzy bi-ideals.
The concept of quasi-ideals in semigroups was introduced in 1956 by O. Steinfeld[26].
The class of quasi-ideals in semigroups is a generalization of one sided ideals in semi-
groups. It is well known that the intersection of a left ideal and a right ideal of a
semigroup S is a quasi ideal of S and every quasi ideal of S can be obtained in this
way. Nobuaki Kuroki[14] characterized completely regular semigroup and semigroup in
terms of fuzzy semiprime quasi ideals. He also studied the properties of fuzzy bi-ideals
in semigroups. We have introduced the concept of fuzzy quasi ideals in Γ-semigroups
and studied some of its important properties in this paper. Lastly we have obtained a
characterization theorem for regular Γ semigroups in terms of fuzzy quasi ideals.
2 Preliminaries
In this section we discuss some elementary definitions that we use in the sequel.
Let S = {x, y, z, . . .} and Γ = {α, β, γ, . . .} be two non-empty sets. Then S is called
a Γ-semigroup[23] if there exists a mapping S × Γ× S → S (images to be denoted by
aαb) satisfying
(1) xγy ∈ S,
(2) (xβy)γz = xβ(yγz),∀x, y, z ∈ S,∀γ ∈ Γ.
Remark 1. The Γ-semigroup introduced by Sen and Saha[23] may be called one sided
Γ-semigroup. Later Dutta and Adhikari[6] introduced both sided Γ-semigroup where
the operation Γ× S × Γ to Γ was also taken into consideration. They defined operator
semigroups for such Γ-semigroups.
A non-empty subset I of a Γ-semigroup S is said to be a subsemigroup of S if
IΓI ⊆ I. A subsemigroup I of a Γ-semigroup S is called a bi-ideal of S if IΓSΓI ⊆ I.
A subsemigroup I of a Γ-semigroup S is called a (1, 2)-ideal of S if IΓSΓIΓI ⊆ I.
Let S be a Γ-semigroup. A non-empty subset Q of S is called quasi ideal[3] of S if
SΓQ∩QΓS ⊆ Q. Let Q be a quasi ideal of a Γ-semigroup S. Then QΓQ ⊆ SΓQ∩QΓS ⊆
Q. Hence Q is a subsemigroup of S.
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Example 1. Let Γ = {5, 7}. For any x, y ∈ N and γ ∈ Γ, define xγy = x · γ · y where ·
is the usual multiplication on N. Then N is a Γ-semigroup.
Example 2. Let S = [0, 1] and Γ = { 1
n
| n is a positive integer}. Then S is a Γ-
semigroup under the usual multiplication. Next, let K = [0, 1]. We have that K is
a non-empty subset of S and aγb ∈ K for all a, b ∈ K and γ ∈ Γ. Then K is a sub
Γ-semigroup of S.
Example 3. [4] Let S be a semigroup and Γ = {1}. Let us define a mapping S×Γ×S →
Γ by a1b = ab∀a, b ∈ S. Then S is a Γ-semigroup. Let B be a bi-ideal of the semigroup
S. Thus BSB ⊆ B. Since Γ = {1}, BΓSΓB = BSB ⊆ B. Hence B is a bi-ideal of the
Γ-semigroup S.
Example 4. [3] Let S be a semigroup and Γ be any non-empty set. Let us define a
mapping S × Γ × S → Γ by aγb = ab∀a, b ∈ S,∀γ ∈ Γ. Then S is a Γ-semigroup.
Let Q be a quasi ideal of the semigroup S. Then SQ ∩ QS ⊆ Q. Again we see that
SΓQ ∩QΓS = SQ ∩QS ⊆ Q. Hence Q is a quasi ideal of the Γ-semigroup S.
Throughout the paper unless otherwise stated S will denote a one-sided Γ-semigroup.
A left (right) ideal[23] of a Γ-semigroup S is a non-empty subset I of S such that
SΓI ⊆ I (IΓS ⊆ I). If I is both a left and a right ideal of a Γ-semigroup S, then we
say that I is an ideal of S.
Let S and T be two Γ-semigroups. A mapping f : S → T is called a homomorphism
if
f(xγy) = f(x)γf(y) for all x, y ∈ S and γ ∈ Γ.
Though this is defined for both sided Γ-semigroup in [6], the same definition can be
adopted for one-sided Γ-semigroup of Sen and Saha[23].
A fuzzy subset[28] in S is a function µ : S −→ [0, 1].
Let µ and σ be two fuzzy subsets of a Γ-semigroup S. Then we define[17] the
following:
(1) (µ ∩ σ)(x) = min{µ(x), σ(x)}∀x ∈ S,
(2) (µ ∪ σ)(x) = max{µ(x), σ(x)}∀x ∈ S,
(3) (µ ◦ σ)(x) =
{
sup
x=yγz
[min{µ(y), σ(z)}]
0, Otherwise
.
A non-empty fuzzy subset µ of a Γ-semigroup S is called a fuzzy left ideal[17] of S
if µ(xγy) ≥ µ(y) ∀x, y ∈ S, ∀γ ∈ Γ.
A non-empty fuzzy subset µ of a Γ-semigroup S is called a fuzzy right ideal[17] of
S if µ(xγy) ≥ µ(x)∀x, y ∈ S,∀γ ∈ Γ.
A non-empty fuzzy subset µ of a Γ-semigroup S is called a fuzzy ideal[17] of S if it
is both a fuzzy left ideal and a fuzzy right ideal of S.
In a Γ-semigroup S following are equivalent: (1) µ is a fuzzy left(right) ideal of S,
(2) χ ◦ µ ⊆ µ(µ ◦ χ ⊆ µ)([17]).
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3 Fuzzy Subsemigroup and Fuzzy Bi-ideal
Definition 3.1. A non-empty fuzzy subset µ of a Γ-semigroup S is called a fuzzy
subsemigroup of S if µ(xγy) ≥ min{µ(x), µ(y)} ∀x, y ∈ S, ∀γ ∈ Γ.
Definition 3.2. A fuzzy subsemigroup µ of a Γ-semigroup S is called a fuzzy bi-ideal
of S if µ(xβsγy) ≥ min{µ(x), µ(y)}∀x, s, y ∈ S,∀β, γ ∈ Γ.
Definition 3.3. A fuzzy subsemigroup µ of a Γ-semigroup S is called a fuzzy (1, 2)-
ideal of S if µ(xαωβ(yγz)) ≥ min{µ(x), µ(y), µ(z)} ∀x, ω, y, z ∈ S, ∀α, β, γ ∈ Γ.
Theorem 3.4. Let I be a non-empty subset of a Γ-semigroup S and λI be the char-
acteristic function of I. Then I is a Γ-subsemigroup of S if and only if λI is a fuzzy
subsemigroup of S.
Proof. Let I be a subsemigroup of S. Let x, y ∈ S and γ ∈ Γ. Then xγy ∈ I if x, y ∈ I.
It follows that λI(xγy) = 1 = λI(x) = λI(y) = min{λI(x), λI(y)}. Let either x /∈ I or
y /∈ I. Then Case-(1) : If xγy /∈ I, then λI(xγy) = 0 = min{λI(x), λI(y)}. Case-(2) : If
xγy ∈ I, then λI(xγy) = 1 ≥ 0 = min{λI(x), λI(y)}. Thus λI is a fuzzy subsemigroup
of S.
Conversely, let λI be a fuzzy subsemigroup of S. Let x, y ∈ I, then λI(x) = λI(y) =
1. Thus λI(xγy) ≥ min{λI(x), λI(y)} = 1 ∀γ ∈ Γ. Hence xγy ∈ I ∀γ ∈ Γ. So I is a
subsemigroup of S.
Theorem 3.5. Let I be a non-empty subset of a Γ-semigroup S and λI be the charac-
teristic function of I. Then I is a bi-ideal of S if and only if λI is a fuzzy bi-ideal of
S.
Proof. Let I be a bi-ideal of a Γ-semigroup S and λI be the characteristic function of
I. Then I is a subsemigroup of S. Hence by Theorem 3.4, λI is a fuzzy subsemigroup of
S. Let x, y, z ∈ S and β, γ ∈ Γ. Then xβyγz ∈ I if x, z ∈ I. It follows that λI(xβyγz) =
1 = min{λI(x), λI(z)}. Let either x /∈ I or z /∈ I. Then Case-(1) : If xβyγz /∈ I, then
λI(xβyγz) ≥ 0 = min{λI(x), λI(z)}. Case-(2) : If xβyγz ∈ I, then λI(xβyγz) = 1 ≥
0 = min{λI(x), λI(z)}. Consequently, λI is a fuzzy bi-ideal of S.
Conversely, λI is a fuzzy bi-ideal of S. So λI is a fuzzy subsemigroup of S. Hence
by Theorem 3.4, I is a subsemigroup of S. Let x, z ∈ I, then λI(x) = λI(z) = 1.
Thus λI(xβyγz) ≥ min{λI(x), λI(z)} = 1 ∀y ∈ S,∀β, γ ∈ Γ. Hence xβyγz ∈ I ∀y ∈
S,∀β, γ ∈ Γ. So I is a bi-ideal of S.
Theorem 3.6. Let S be a Γ-semigroup and µ be a non-empty fuzzy subset of S. Then
µ is a fuzzy subsemigroup of S if and only if µt is a subsemigroup of S for all t ∈ Im(µ)
where µt = {x ∈ S : µ(x) ≥ t}.
Proof. Let µ be a fuzzy subsemigroup of S. Let t ∈ Im(µ), then there exist some z ∈ S
such that µ(z) = t and so z ∈ µt. Thus µt 6= φ. Let x, y ∈ µt. Then µ(x) ≥ t and
µ(y) ≥ t whence min{µ(x), µ(y)} ≥ t. Now for γ ∈ Γ, µ(xγy) ≥ min{µ(x), µ(y)}.
Hence xγy ∈ µt∀γ ∈ Γ, i.e., µtΓµt ⊆ µt. Consequently, µt is a subsemigroup of S.
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Conversely, suppose µt’s are subsemigroups of S, for all t ∈ Im(µ). Let x, y ∈ S and
γ ∈ Γ. Let µ(x) = t1 and µ(y) = t2. Without any loss of generality suppose t1 ≥ t2.
Then x, y ∈ µt2 . Then by hypothesis xγy ∈ µt2 . Hence µ(xγy) ≥ t2 = min{µ(x), µ(y)}.
Consequently, µ is a fuzzy subsemigroup of S. Hence the proof.
Theorem 3.7. Let S be a Γ-semigroup and µ be a non-empty fuzzy subset of S. Then
µ is a fuzzy bi-ideal of S if and only if µt is a bi-ideal of S for all t ∈ Im(µ) where
µt = {x ∈ S : µ(x) ≥ t}.
Proof. Let µ be a fuzzy bi-ideal of S. Then µ is a fuzzy subsemigroup of S. Hence
by Theorem 3.6, µt is a subsemigroup of S, ∀t ∈ Im(µ). Let t ∈ Im(µ). Then there
exists some α ∈ S such that µ(α) = t and so α ∈ µt. Thus µt 6= φ. Let x, z ∈ µt.
Then µ(x) ≥ t and µ(z) ≥ t whence min{µ(x), µ(z)} ≥ t. Now for y ∈ S, α, β ∈
Γ, µ(xαyβz) ≥ min{µ(x), µ(z)}. Hence µ(xαyβz) ≥ t whence xαyβz ∈ µt. Hence
µtΓSΓµt ⊆ µt. Consequently, µt is a bi-ideal of S.
Conversely, suppose µt’s are bi-ideals of S, for all t ∈ Im(µ). Then µt’s are subsemi-
groups of S. Hence by Theorem 3.6, µ is a fuzzy subsemigroup of S. Let x, y, z ∈ S and
β, γ ∈ Γ. Let µ(x) = t1, µ(z) = t2.Without any loss of generality suppose t1 ≥ t2. Then
x, z ∈ µt2 . Hence by hypothesis xβyγz ∈ µt2 whence µ(xβyγz) ≥ t2 = min{µ(x), µ(z)}.
Hence µ is a fuzzy bi-ideal of S. Hence the proof.
Proposition 3.8. Let µ and λ be two fuzzy subsemigroups(fuzzy bi-ideals) of a Γ-
semigroup S. Then µ∩λ is also a fuzzy subsemigroup(resp. fuzzy bi-ideal) of S provided
µ ∩ λ is non-empty.
Proof. Let µ and λ be two fuzzy subsemigroups of a Γ-semigroup S. Let x, y ∈ S and
γ ∈ Γ. Then
(µ ∩ λ)(xγy) = min{µ(xγy), λ(xγy)}
≥ min[min{µ(x), µ(y)},min{λ(x), λ(y)}]
= min[min{µ(x), µ(y), λ(x), λ(y)}]
= min[min{µ(x), λ(x)},min{µ(y), λ(y)}]
= min{(µ ∩ λ)(x), (µ ∩ λ)(y)}.
Hence µ ∩ λ is a fuzzy subsemigroup of S. Similarly we can prove the result for fuzzy
bi-ideal.
Proposition 3.9. Let f : R→ S be a homomorphism of Γ-semigroups.
(1) If λ is a fuzzy subsemigroup(fuzzy bi-ideal) of S, then f−1(λ) is also a fuzzy
subsemigroup(resp. fuzzy bi-ideal) of R(where f−1(λ)(rγs) := λ(f(rγs)) for all
r, s ∈ R and γ ∈ Γ), provided f−1(λ) is non-empty.
(2) If f is a surjective homomorphism and µ is a fuzzy subsemigroup(fuzzy bi-ideal)
of R then, f(µ) is also a fuzzy subsemigroup(resp. fuzzy bi-ideal) of S(where
(f(µ))(x
′
γy
′
) := sup
f(z)=x′γy′
µ(z) for all x
′
, y
′
∈ S and γ ∈ Γ).
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Proof. (1) Let λ be a fuzzy subsemigroup of S. Let r, s ∈ R and γ ∈ Γ. Then
(f−1(λ))(rγs) = λ(f(rγs))
= λ(f(r)γf(s))
≥ min{λ(f(r)), λ(f(s))}
= min{(f−1(λ))(r), (f−1(λ))(s)}.
Hence (f−1(λ)) is a fuzzy subsemigroup of R.
(2) Let µ be a fuzzy subsemigroup of R. Since (f(µ))(x
′
) = sup
f(x)=x′
µ(x) for x
′
∈ S,
so f(µ) is non-empty. Let x
′
, y
′
∈ S and γ ∈ Γ. Then
(f(µ))(x
′
γy
′
) = sup
f(z)=x′γy′
µ(z)
≥ sup
f(x) = x
′
f(y) = y
′
µ(xγy)
≥ sup
f(x) = x
′
f(y) = y
′
min{µ(x), µ(y)}
= min{ sup
f(x)=x
′
µ(x), sup
f(y)=y
′
µ(y)}
= min{(f(µ))(x
′
), (f(µ))(y
′
)}.
Consequently, f(µ) is a fuzzy subsemigroup of S. Similarly we can prove the result
for fuzzy bi-ideal.
Proposition 3.10. Suppose θ is an endomorphism and µ is a fuzzy subsemigroup(fuzzy
bi-ideal) of a Γ-semigroup S. Then µ[θ] is also a fuzzy subsemigroup(resp. fuzzy bi-ideal)
of S, where µ[θ](x) := µ(θ(x))∀x ∈ S.
Proof. Let x, y ∈ S and γ ∈ Γ. Then
µ[θ](xγy) = µ(θ(xγy))
= µ(θ(x)γθ(y))
≥ min{µ(θ(x)), µ(θ(y))}
= min{µ[θ](x), µ[θ](y)}.
Thus µ[θ] is a fuzzy subsemigroup of S. Similarly we can prove the other case also.
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Proposition 3.11. If µ is a fuzzy subsemigroup(fuzzy bi-ideal) of a Γ-semigroup S,
then so is µα for every real number α ≥ 0, where µα is defined by µα(x) = (µ(x))α for
all x ∈ S.
Proof. Let x, y ∈ S, γ ∈ Γ. Without any loss of generality, suppose µ(x) ≥ µ(y). Then
µα(x) ≥ µα(y) and µ(xγy) ≥ min{µ(x), µ(y)} = µ(y). Then
µα(xγy) = (µ(xγy))α ≥ (µ(y))α = µα(y)
= min{µα(x), µα(y)}.
Consequently, µα is a fuzzy subsemigroup of S. Similarly we can prove the other case
also.
Theorem 3.12. A non-empty fuzzy subset µ of a Γ-semigroup S is a fuzzy subsemi-
group of S if and only if µ ◦ µ ⊆ µ.
Proof. Suppose µ ◦ µ ⊆ µ. Then for x, y ∈ S and γ ∈ Γ we obtain µ(xγy) ≥ (µ ◦
µ)(xγy) ≥ min{µ(x), µ(y)}. So µ is a fuzzy subsemigroup of S.
Conversely, suppose µ is a fuzzy subsemigroup of S and x ∈ S. Suppose there
exist y, z ∈ S and γ ∈ Γ such that x = yγz then (µ ◦ µ)(x) 6= 0. By hypothesis,
µ(yγz) ≥ min{µ(y), µ(z)}. Hence
µ(yγz) ≥ sup
x=yγz
min{µ(y), µ(z)} = (µ ◦ µ)(x).
Again if there does not exist y, z ∈ S and γ ∈ Γ such that x = yγz then (µ ◦ µ)(x) =
0 ≤ µ(x). Consequently, µ ◦ µ ⊆ µ. This completes the proof.
Theorem 3.13. In a Γ-semigroup S for a non-empty fuzzy subset µ of S the following
are equivalent: (1) µ is a fuzzy bi-ideal of S, (2) µ ◦ µ ⊆ µ and µ ◦ χ ◦ µ ⊆ µ, where χ
is the characteristic function of S.
Proof. Suppose (1) holds, i.e., µ is a fuzzy bi-ideal of S. Then µ is a fuzzy subsemigroup
of S. So by Theorem 3.12, µ ◦ µ ⊆ µ. Let a ∈ S. Suppose there exists x, y, p, q ∈ S and
β, γ ∈ Γ such that a = xγy and x = pβq. Since µ is a fuzzy bi-ideal of S, we obtain
µ(pβqγy) ≥ min{µ(p), µ(y)}. Then
(µ ◦ χ ◦ µ)(a) = sup
a=xγy
[min{(µ ◦ χ)(x), µ(y)}]
= sup
a=xγy
[min{ sup
x=pβq
min{µ(p), χ(q)}}, µ(y)]
= sup
a=xγy
[min{ sup
x=pβq
min{µ(p), 1}}, µ(y)]
= sup
a=xγy
{min{µ(p), µ(y)}}
≤ µ(pβqγy)
= µ(xγy) = µ(a).
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So we have (µ ◦ χ ◦ µ) ⊆ µ. Otherwise (µ ◦ χ ◦ µ)(a) = 0 ≤ µ(a). Thus (µ ◦ χ ◦ µ) ⊆ µ.
Conversely, let us assume that (2) holds. Since µ ◦ µ ⊆ µ, so µ is a fuzzy sub-
semigroup of S. Let x, y, z ∈ S and β, γ ∈ Γ and a = xβyγz. Since µ ◦ χ ◦ µ ⊆ µ, we
have
µ(xβyγz) = µ(a)
≥ (µ ◦ χ ◦ µ)(a)
= sup
a=xβyγz
[min{(µ ◦ χ)(xβy), µ(z)}]
≥ min{µ ◦ χ)(p), µ(z)}(let p = xβy)
= min[ sup
p=xβy
min{µ(x), χ(y)}, µ(z)]
≥ min[min{µ(x), 1}, µ(z)]
= min{µ(x), µ(z)}.
Hence µ is a fuzzy bi-ideal of S. This completes the proof.
4 Fuzzy Ideal and Fuzzy Bi-ideal
Definition 4.1. A Γ-semigroup S is called left(right) duo if every left(resp. right)
ideal of S is a two sided ideal of S.
Definition 4.2. A Γ-semigroup S is called duo if it is left and right duo.
Definition 4.3. A Γ-semigroup S is called fuzzy left(right) duo if every fuzzy left(resp.
right) ideal of S is a fuzzy ideal of S.
Definition 4.4. A Γ-semigroup S is called fuzzy duo if it is fuzzy left and fuzzy right
duo.
Definition 4.5. [27]A Γ-semigroup S is called left(right) regular if, for each a ∈ S,
there exist x ∈ S and α, β ∈ Γ such that a = xαaβa(resp. a = aβaαx).
Definition 4.6. [6]A Γ-semigroup S is called regular if, for each a ∈ S, there exist
x ∈ S and α, β ∈ Γ such that a = aαxβa.
Theorem 4.7. In a regular left duo(right duo, duo) Γ-semigroup S, following are equiv-
alent: (1) µ is a fuzzy right ideal(resp. fuzzy left ideal, fuzzy ideal) of S, (2) µ is a fuzzy
bi-ideal of S.
Proof. Let µ be a fuzzy right ideal of S and let x, y, z ∈ S, α, β ∈ Γ. Then
µ(xαyβz) = µ(xα(yβz)) ≥ µ(x) ≥ min{µ(x), µ(z)}.
Hence µ is a fuzzy bi-ideal of S. Similarly we can prove the other cases.
Conversely, let µ be a fuzzy bi-ideal of S and x, y ∈ S, γ ∈ Γ. Then xγy ∈ S.
Since S is regular and left duo in view of the fact that SΓx is a left ideal we obtain,
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xγy ∈ (xΓSΓx)ΓS ⊆ xΓSΓx. This implies that there exist elements z ∈ S, α, β ∈ Γ
such that xγy = xαzβx. Then
µ(xγy) = µ(xαzβx) ≥ min{µ(x), µ(x)} = µ(x).
Hence µ is a fuzzy right ideal of S. similarly we can prove the other cases also.
Theorem 4.8. In a regular left duo(right duo, duo) Γ-semigroup S, following are equiv-
alent: (1) µ is a fuzzy bi-ideal of S, (2) µ is a fuzzy (1, 2)-ideal of S.
Proof. Let µ be a fuzzy bi-ideal of S and x, ω, y, z ∈ S, α, β, γ ∈ Γ. Then
µ(xαωβ(yγz)) = µ((xαωβy)γz)
≥ min{µ(xαωβy), µ(z)}
≥ min{min{µ(x), µ(y)}, µ(z)}
= min{µ(x), µ(y), µ(z)}.
Hence µ is a fuzzy (1, 2)-ideal of S.
Conversely, let S be a regular and left duo Γ-semigroup and µ be a fuzzy (1, 2)-
ideal of S. Let x, ω, y ∈ S, α, δ ∈ Γ. Since S is regular and left duo, we have xαω ∈
(xΓSΓx)ΓS ⊆ xΓSΓx, which implies that xαω = xβsγx for some s ∈ S and β, γ ∈ Γ.
Then
µ(xαωδy) = µ((xβsγx)δy)
= µ(xβsγ(xδy))
≥ min{µ(x), µ(x), µ(y)}
= min{µ(x), µ(y)}.
Hence µ is a fuzzy bi-ideal of S.
Theorem 4.9. For a regular Γ-semigroup S the following conditions are equivalent:
(1) S is left duo(right duo, duo), (2) S is fuzzy left duo(fuzzy right duo, fuzzy duo).
Proof. Let us assume that S is left duo. Let µ be any fuzzy left ideal of S and a, b ∈
S, γ ∈ Γ. Then, since the left ideal SΓa is a two-sided ideal ideal of S, and since S is
regular, we have aγb ∈ (aΓSΓa)Γb ⊆ (SΓa)ΓS ⊆ SΓa. This implies that there exist
elements x ∈ S, α ∈ Γ such that aγb = xαa. Then, since µ is a fuzzy left ideal of S,
µ(xαa) ≥ µ(a) and so µ(aγb) ≥ µ(a). Hence µ is a fuzzy two-sided ideal of S. Hence
we deduce that S is fuzzy left duo. Hence (1) implies (2). Similar for other cases.
Conversely, let us assume that S is a fuzzy left duo. Let A be any left ideal of
S. Then it follows from Theorem 3.1[17], that the characteristic function µA of A is a
fuzzy left ideal of S. Thus by assumption it is a fuzzy ideal of S. Since A is non-empty,
it follows from Theorem 3.1[17], that A is an ideal of S. Therefore we obtain that S is
left duo, this completes the proof. Similarly we can prove the other cases.
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Theorem 4.10. For a regular Γ-semigroup S the following conditions are equivalent:
(1) Every bi-ideal of S is a right ideal(left ideal, two-sided ideal) of S, (2) every fuzzy
bi-ideal of S is a fuzzy right ideal( resp. fuzzy left ideal, fuzzy two-sided ideal) of S.
Proof. Let us assume that every bi-ideal of S is a right ideal. Let µ be a fuzzy bi-ideal
of S and a, b ∈ S, γ ∈ Γ. Then aΓSΓa is a bi-ideal of S. Then by hypothesis aΓSΓa is
a right ideal of S. Again since S is regular, aγb ∈ (aΓSΓa)ΓS ⊆ aΓSΓa. This implies
that there exist elements x ∈ S and α, β ∈ Γ such that aγb = aαxβa. Then, since µ is
a fuzzy bi-ideal of S, we have µ(aγb) = µ(aαxβa) ≥ min{µ(a), µ(a)} = µ(a). Hence µ
is a fuzzy right ideal of S.
Conversely, let us assume that every fuzzy bi-ideal is a fuzzy right ideal. Let A be
any bi-ideal of S. Then it follows from Theorem 3.5, that the characteristic function µA
of A is a fuzzy bi-ideal of S and consequently by hypothesis it is a fuzzy right ideal of
S. Then, since A is non-empty, it follows from Theorem 3.1[17], that A is a right ideal
of S. Similarly we can prove all other cases.
Definition 4.11. [27] A Γ-semigroup S is called left-zero(right zero) if xγy = x(xγy =
y) ∀x, y ∈ S,∀γ ∈ Γ.
Definition 4.12. [27] An element e in a Γ-semigroup S is called idempotent if eγe = e
for some γ ∈ Γ.
Proposition 4.13. For a left-zero(right zero) Γ-semigroup S every fuzzy left(resp.
fuzzy right) ideal is a constant function.
Proof. Let S be a left zero Γ-semigroup and µ a fuzzy left ideal of S. Let x, y ∈ S. Then
xγy = x and yγx = y∀γ ∈ Γ. Then µ(x) = µ(xγy) ≥ µ(y). Again µ(y) = µ(yγx) ≥
µ(x). So µ(x) = µ(y) ∀x, y ∈ S. Hence every fuzzy left ideal is a constant function.
Similarly we can prove the other case also.
Theorem 4.14. For a regular Γ-semigroup S the following conditions are equivalent:
(1) The set of all idempotent elements of S forms a left zero(resp. right zero) subsemi-
group of S, (2) for every fuzzy left(resp. fuzzy right) ideal µ of S, µ(e) = µ(f) for all
idempotent elements e, f ∈ S.
Proof. Let ES denote the set of all idempotent elements of S. Suppose ES is a left zero
subsemigroup of S. Let e, f ∈ ES and µ be a fuzzy left ideal of S. Since, S is left zero,
then eγf = e and fγe = f ∀γ ∈ Γ. Now, we have µ(e) = µ(eγf) ≥ µ(f) = µ(fγe) ≥
µ(e). Hence µ(e) = µ(f).
Conversely, let every fuzzy left ideal µ of S satisfies the equality in (2). Since S is
regular, for a ∈ S, there exists x ∈ S and α, β ∈ Γ such that a = aαxβa ⇒ aαx =
(aαx)β(aαx). So aαx ∈ ES . So ES is non-empty. Let e, f ∈ ES , γ ∈ Γ. Then from
Theorem 3.1[17], the characteristic function µL[f ] of the left ideal L[f ] of S generated
by f, is a fuzzy left ideal of S. Then by hypothesis µL[f ](e) = µL[f ](f) = 1 and so
e ∈ L[f ] = SΓf. Then for some x ∈ S, α, β ∈ Γ we obtain e = xαf = xαfβf = eβf.
Hence ES is left zero. Now eγf = e(since ES is left zero) = eδe(for some δ ∈ Γ) =
(eγf)δ(eγf). Consequently, eγf ∈ ES . Hence ES is a left zero subsemigroup of S.
Similarly, we can prove the other case also.
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In view of the above theorem we obtain the following corollary.
Corollary 4.15. For an idempotent Γ-semigroup S the following conditions are equiv-
alent: (1) S is left zero(resp. right zero), (2) for every fuzzy left(resp. fuzzy right) ideal
µ of S, µ(e) = µ(f)∀e, f ∈ S.
Definition 4.16. [27]A Γ-semigroup S is called intra-regular if, for each a ∈ S, there
exist x, y ∈ S and α, β, γ ∈ Γ such that a = xαaβaγy.
Theorem 4.17. For a Γ-semigroup S the following conditions are equivalent: (1) S
is intra-regular, (2) for every fuzzy ideal µ of S, µ(a) = µ(aβa) ∀a ∈ S and for some
β ∈ Γ.
Proof. Let us assume that (1) holds. Let µ be a fuzzy ideal of S and a be any element of
S. Then there exist x, y ∈ S and α, β, γ ∈ Γ such that a = xαaβaγy. Since µ is a fuzzy
ideal of S, we have µ(a) = µ(xαaβaγy) ≥ µ(xαaβa) ≥ µ(aβa) ≥ min{µ(a), µ(a)} =
µ(a). So µ(a) = µ(aβa).
Conversely, let us assume that (2) holds. Then it follows from Theorem 3.1[17],
that the characteristic function µJ [aβa] of the ideal J [aβa] of S generated by aβa, is
a fuzzy ideal of S. Since aβa ∈ J [aβa], we have µJ [aβa](a) = µJ [aβa](aβa) = 1. This
implies that a ∈ J [aβa]. This proves that S is intra-regular.
Theorem 4.18. For a Γ-semigroup S the following conditions are equivalent: (1) S is
left regular(resp. right regular), (2) for every fuzzy left ideal(resp. fuzzy right ideal) µ
of S, µ(a) = µ(aγa) ∀a ∈ S and for some γ ∈ Γ.
Proof. Let us assume that S is left regular. Let µ be any fuzzy left ideal of S and a ∈ S.
Then there exist x ∈ S and α, γ ∈ Γ such that a = xαaγa and so µ(a) = µ(xαaγa) ≥
µ(aγa) ≥ min{µ(a), µ(a)} = µ(a). Consequently µ(a) = µ(aγa).
Conversely, let us assume that for every fuzzy left ideal µ of S the equality in
(2) holds. Let a be any element of S. Then it follows from Theorem 3.1[17], that
characteristic function µL[aγa] of the left ideal L[aγa] of S generated by aγa, is a fuzzy
left ideal of S. Since aγa ∈ L[aγa], we have µL[aγa](a) = µL[aγa](aγa) = 1. This implies
that a ∈ L[aγa] = {aγa} ∪ SΓaΓa. This proves that S is left regular. Similarly we can
prove the result for fuzzy right ideals.
Proposition 4.19. Suppose S is both regular and intra regular Γ-semigroup. Then (1)
µ1 ◦ µ2 ⊃ µ1 ∩ µ2. (2) (µ1 ◦ µ2) ∩ (µ2 ◦ µ1) ⊃ µ1 ∩ µ2 where µ1, µ2 are fuzzy bi-ideals of
S.
Proof. Let a ∈ S. Then there exist x, y, z ∈ S and γ1, γ2γ3, γ4, γ5 ∈ Γ such that a =
aγ1xγ2a = aγ1xγ2aγ1xγ2a = aγ1xγ2(yγ3aγ4aγ5z)γ1xγ2a = (aγ1xγ2yγ3a)γ4(aγ5zγ1xγ2a).
Since µ1, µ2 are both fuzzy bi-ideals of S, we deduce that µ1(aγ1xγ2yγ3a) ≥ µ1(a) and
µ2(aγ5zγ1xγ2a) ≥ µ2(a). Then
(µ1 ◦ µ2)(a) = sup
a=pγ2q
[min{µ1(p), µ2(q)} : p, q ∈ S; γ2 ∈ Γ]
≥ min{µ1(aγ1xγ2yγ3a), µ2(aγ5zγ1xγ2a)}
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≥ min{µ1(a), µ2(a)} = (µ1 ∩ µ2)(a).
Hence µ1 ◦ µ2 ⊃ µ1 ∩ µ2. Similarly we can show that µ2 ◦ µ1 ⊃ µ1 ∩ µ2. Therefore
(µ1 ◦ µ2) ∩ (µ2 ◦ µ1) ⊃ µ1 ∩ µ2. This completes the proof.
Definition 4.20. A Γ-semigroup S is said to be left(right) simple if S has no proper
left(resp. right) ideals.
Definition 4.21. If a Γ-semigroup S has no proper ideals, then we say that S is simple.
Definition 4.22. A Γ-semigroup S is said to be fuzzy left(fuzzy right) simple if every
fuzzy left(resp. fuzzy right) ideal of S is a constant function.
Definition 4.23. A Γ-semigroup S is said to be fuzzy simple if every fuzzy ideal of S
is a constant function.
Theorem 4.24. For a Γ-semigroup S the following conditions are equivalent: (1) S
is left simple(resp. right simple, simple), (2) S is fuzzy left simple(resp. fuzzy right
simple, fuzzy simple).
Proof. Let us assume that S is left simple. Let µ be any fuzzy left ideal of S and
a, b ∈ S. Then there exist x, y ∈ S and α, β ∈ Γ such that b = xαa and a = yβb and so
we obtain µ(a) = µ(yβb) ≥ µ(b) = µ(xαa) ≥ µ(a). Consequently, µ(a) = µ(b) and so µ
is a constant function. Hence S is fuzzy left simple.
Conversely, let us assume that S is fuzzy left simple and let A be any left ideal of S.
Then by Theorem 3.1[17], µA is a fuzzy left ideal of S and hence a constant function.
Since A is non-empty, the constant is 1. So every element of S is in A and so S is left
simple. Similarly we can prove the other cases.
Theorem 4.25. Let S be a left(right) simple Γ-semigroup, then every fuzzy bi-ideal of
S is a fuzzy right ideal(resp. fuzzy left ideal) of S.
Proof. Let S be a left simple Γ-semigroup. Let µ be any fuzzy bi-ideal of S and
a, b ∈ S. Then there exist x ∈ S, γ ∈ Γ such that b = xγa and µ(aαb) = µ(aαxγa) ≥
min{µ(a), µ(a)} = µ(a)∀α ∈ Γ. Hence µ is a fuzzy right ideal of S. Similarly we can
prove the other case also.
5 Fuzzy Quasi Ideal
Definition 5.1. A non-empty fuzzy subset µ of a Γ-semigroup S is called a fuzzy quasi
ideal of S if (µ ◦ χ) ∩ (χ ◦ µ) ⊆ µ, where χ is the characteristic function of S.
Proposition 5.2. Any fuzzy one sided ideal of a Γ-semigroup S is a fuzzy quasi ideal
of S and any fuzzy quasi ideal of S is a fuzzy bi-ideal of S.
Proof. Let µ be any fuzzy left ideal of S. Then χ ◦ µ ⊆ µ. Therefore (µ ◦χ)∩ (χ ◦µ) ⊆
χ ◦ µ ⊆ µ. Therefore µ is fuzzy quasi ideal of S. Again let µ be a fuzzy quasi ideal of
S. Then (µ ◦ χ) ∩ (χ ◦ µ) ⊆ µ. Now µ ◦ χ ◦ µ ⊆ µ ◦ χ and µ ◦ χ ◦ µ ⊆ χ ◦ µ. Therefore
µ ◦ χ ◦ µ ⊆ (µ ◦ χ) ∩ (χ ◦ µ) ⊆ µ. Consequently, µ is fuzzy bi ideal of S.
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Proposition 5.3. Any fuzzy quasi ideal of a Γ-semigroup S can be expressed as inter-
section of a fuzzy right ideal and a fuzzy left ideal of S and conversely intersection of a
fuzzy right ideal and a fuzzy left ideal is fuzzy quasi ideal .
Proof. Let µ be a fuzzy quasi ideal of a Γ-semigroup S. Then (χ ◦ µ)∪ µ is a fuzzy left
ideal and µ∪(µ◦χ) is a fuzzy right ideal of S. Clearly µ ⊆ µ∪(µ◦χ) and µ ⊆ (χ◦µ)∪µ.
Therefore
µ ⊆ (µ ∪ (µ ◦ χ)) ∩ ((χ ◦ µ) ∪ µ)
= (µ ∩ (χ ◦ µ)) ∪ (µ ∩ µ) ∪ ((µ ◦ χ) ∩ (χ ◦ µ)) ∪ ((µ ◦ χ) ∩ µ)
⊆ µ ∪ µ ∪ µ ∪ µ = µ.
Therefore µ = (µ∪(µ◦χ))∩((χ◦µ)∪µ). Let µ and σ be a fuzzy right ideal and a fuzzy
left ideal of the Γ-semigroup S respectively. Let χ be the characteristic function of S.
Since µ and σ are fuzzy right ideal and fuzzy left ideal of S, µ◦χ ⊆ µ and χ◦σ ⊆ σ(cf.
Theorem 4.2[17]).
Now, ((µ ∩ σ) ◦ χ) ∩ (χ ◦ (µ ∩ σ)) ⊆ (µ ◦ χ) ∩ (χ ◦ σ) ⊆ µ ∩ σ. Thus µ ∩ σ is a fuzzy
quasi ideal of S. This completes the proof.
In view of Proposition 5.3 and Theorem 4.7[17] we have the following corollary.
Corollary 5.4. Let µ and σ be a fuzzy right ideal and a fuzzy left ideal of a regular
Γ-semigroup S, respectively. Then µ ◦ σ is a fuzzy quasi ideal of S.
In view of Proposition 5.2 and Corollary 5.4 we obtain the following proposition.
Proposition 5.5. Let µ be a fuzzy right ideal and σ be a fuzzy left ideal of a regular
Γ-semigroup S. Then µ ◦ σ is a fuzzy bi-ideal of S.
Theorem 5.6. Let Q be a non-empty subset of a Γ-semigroup S. Then Q is quasi ideal
of S if and only if µQ(the characteristic function of Q) is a fuzzy quasi ideal of S.
Proof. Suppose Q is a quasi ideal of S and χ be the characteristic function of S. Let a
be any element of S. If a ∈ Q, then ((µQ ◦ χ) ∩ (χ ◦ µQ))(a) ≤ 1 = µQ(a).
If a /∈ Q, then since Q is a quasi ideal of S, i.e.,QΓS ∩SΓQ ⊆ Q, a /∈ QΓS∩SΓQ ⊆
Q. Then three cases may arise:
Case-(1) a /∈ QΓS, a ∈ SΓQ,
Case-(2) a ∈ QΓS, a /∈ SΓQ,
Case-(3) a /∈ QΓS, a /∈ SΓQ.
Case-(1) : Let a /∈ QΓS, a ∈ SΓQ. If a = xγy, then x /∈ Q. Then
((µQ ◦ χ) ∩ (χ ◦ µQ))(a) = min[ sup
a=xγy
{min{µQ(x), χ(y)}}, sup
a=uθv
{min{χ(u), µQ(v)}}]
= 0 = µQ(a).
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Therefore (µ ◦ χ) ∩ (χ ◦ µ) ⊆ µ.
Case-(2) : It is similar as Case-(3).
Case-(3) : a /∈ QΓS, a /∈ SΓQ. If a = xγy, then x /∈ Q and if a = uδv, then v /∈ Q.
Now
((µQ ◦ χ) ∩ (χ ◦ µQ))(a) = min[ sup
a=xγy
{min{µQ(x), χ(y)}}, sup
a=uδv
{min{χ(u), µQ(v)}}]
= 0 = µQ(a).
So (µ ◦ χ) ∩ (χ ◦ µ) ⊆ µ. Hence µQ is a fuzzy quasi ideal of S.
Conversely, let us suppose that µQ is a fuzzy quasi ideal of S. Let a ∈ QΓS ∩ SΓQ.
Then there exist elements s, t ∈ S, b, c ∈ Q and α, β ∈ Γ such that a = bαs = tβc. Then
(µQ ◦ χ)(a) = sup
a=xβy
[min{µQ(x), χ(y)}]
≥ min{µQ(b), χ(s)}
= min{1, 1} = 1.
Similarly, we have (χ ◦ µQ)(a) = 1. Since (µQ ◦ χ) ∩ (χ ◦ µQ) ⊆ µQ. So
µQ(a) ≥ ((µQ ◦ χ) ∩ (χ ◦ µQ))(a)
= min{(µQ ◦ χ)(a), (χ ◦ µQ)(a)}
= min{1, 1} = 1.
Thus a ∈ Q and so QΓS ∩ SΓQ ⊆ Q. Therefore, Q is a quasi ideal of S.
Theorem 5.7. Let µ be a non-empty fuzzy subset of a Γ-semigroup S. Then µ is a
fuzzy quasi ideal of S if and only if µt = {x ∈ S : µ(x) ≥ t} is a quasi ideal of S, where
t ∈ Im(µ).
Proof. Let µ be a fuzzy quasi ideal of S. Let t ∈ Im(µ),then µt is nonempty. Let
a ∈ SΓµt ∩ µtΓS. Then there exist elements r ∈ S, b ∈ µt and α ∈ Γ such that a = bαr.
Then
(µ ◦ χ)(a) = sup
a=xβy
[min{µ(x), χ(y)}] ≥ min{µ(b), χ(r)} ≥ min{t, 1} = t.
Similarly, we have (χ ◦ µ)(a) ≥ t. Then
((χ ◦ µ) ∩ (µ ◦ χ))(a) = min{(χ ◦ µ)(a), (µ ◦ χ)(a)} ≥ t..
By hypothesis (χ◦µ)∩ (µ◦χ) ⊆ µ. Hence µ(a) ≥ ((χ◦µ)∩ (µ◦χ))(a) ≥ t. Thus a ∈ µt.
Hence SΓµt ∩ µtΓS ⊆ µt. Consequently µt is a quasi ideal of S.
Conversely, let µt is a quasi ideal of S ∀t ∈ Im(µ). Then µt is nonempty and so µ
is nonempty. If possible, let ((µ ◦ χ) ∩ (χ ◦ µ)) 6⊆ µ. Then there exists p ∈ S such that
µ(p) < ((µ ◦ χ) ∩ (χ ◦ µ))(p). Let t2 be a real number such that
µ(p) < t2 < ((µ ◦ χ) ∩ (χ ◦ µ))(p)........(1).
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If there not exist x, y ∈ S, γ ∈ Γ such that p = xγy then ((µ ◦ χ) ∩ (χ ◦ µ))(p) = 0
which means µ(p) < 0, which is not possible. So, there exist x, y ∈ S, γ ∈ Γ such that
p = xγy. Now suppose for any x, v ∈ S, with p = xγy, p = uδv for some y, u ∈ S for
some γ, δ ∈ Γ, x /∈ µt2 and v /∈ µt2 . Then µ(x) < t2 and µ(v) < t2 for all x, v ∈ S
with p = xγy and p = uδv, x, u ∈ S, γ, δ ∈ Γ. This implies that sup
p=xγy
µ(x) ≤ t2 and
sup
p=uδv
µ(v) ≤ t2. Therefore min{ sup
p=xγy
µ(x), sup
p=uδv
µ(v)} ≤ t2, i.e., ((µ◦χ)∩(χ◦µ))(p) ≤ t2,
this contradicts (1). So there exist x, v ∈ S with p = xγy, p = uδv for some γ, δ ∈ Γ,
for some y, u ∈ S such that x ∈ µt2 and v ∈ µt2 . Hence xγy ∈ µt2ΓS and uδv ∈ SΓµt2
whence p ∈ µt2ΓS ∩SΓµt2 . But by (1), p 6∈ µt2 . This contradicts that µt is a quasi ideal
of S, for all t ∈ Im(µ). Hence ((µ ◦ χ) ∩ (χ ◦ µ)) ⊆ µ. Consequently, µ is a fuzzy quasi
ideal of S.
Proposition 5.8. Let f : R→ S be a homomorphism of Γ-semigroups. If λ is a fuzzy
left(resp. right) ideal of S, then f−1(χ) ◦ f−1(λ) ⊆ f−1(λ) (resp.f−1(λ) ◦ f−1(χ) ⊆
f−1(λ)), χ is the characteristic function of S (where f−1(λ)(rγs) := λ(f(rγs)) for all
r, s ∈ R and γ ∈ Γ), provided f−1(λ) is non-empty.
Proof. f−1(λ) is a fuzzy left ideal of R(cf. Theorem 3.6[17]). Let x ∈ R. Then if there
exists a, b ∈ R and α ∈ Γ such that x = aαb we obtain
(f−1(χ) ◦ f−1(λ))(x) = sup
x=uγv
[min{f−1(χ)(u), f−1(λ)(v)}]
= sup
x=uγv
[min{χ(f(u)), λ(f(v))}]
= sup
x=uγv
[min{1, f−1(λ)(v)}]
≤ f−1(λ)(uγv)(for all u, v ∈ R, for all γ ∈ Γ with x = uγv)
= f−1(λ)(x).
Hence f−1(χ) ◦ f−1(λ) ⊆ f−1(λ). Similarly we can prove the other case also.
In view of the above proposition we obtain the following proposition.
Proposition 5.9. Let f : R→ S be a homomorphism of Γ-semigroups. If λ is a fuzzy
quasi ideal of S, then f−1(λ) is a fuzzy quasi ideal R, provided f−1(λ) is non-empty.
Proof. Let λ be a fuzzy quasi ideal of S and λ = µ ∩ ν, where µ is a fuzzy right ideal
and ν is a fuzzy left ideal of S(cf. Proposition 5.3). Let a ∈ S. Then
f−1(λ)(a) = λ(f(a))
= (µ ∩ ν)(f(a))
= min{µ(f(a)), ν(f(a)}
= min{f−1(µ)(a), f−1(ν)(a)}
= (f−1(µ) ∩ f−1(ν))(a).
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Consequently, f−1(λ) = f−1(µ) ∩ f−1(ν). By Proposition 3.6[17], f−1(µ) is a fuzzy
right ideal and f−1(ν) is a fuzzy left ideal of R. Hence f−1(λ) is a fuzzy quasi ideal of
R.
Proposition 5.10. Let f : S → R be a surjective homomorphism of Γ-semigroups. If λ
is a fuzzy left(resp. right) ideal of S, then f(χ)◦f(λ) ⊆ f(λ)(resp. f(λ)◦f(χ) ⊆ f(λ)),
χ is the characteristic function of S (where (f(λ))(r) := sup
f(s)=r
λ(s) for s ∈ S).
Proof. Suppose λ is a fuzzy left ideal of S. Then f(λ) is a fuzzy left ideal of R[17]. For
r ∈ R, (f(λ))(r) = sup
f(s)=r
λ(s), so f(λ) is non-empty. Then for p ∈ R,
(f(χ) ◦ f(λ))(p) = sup
p=uγv
[min{f(χ)(u), f(λ)(v)}]
= sup
p=uγv
[min{ sup
f(u′ )=u
χ(u
′
), f(λ)(v)}]
= sup
p=uγv
[min{1, f(λ)(v)}]
≤ sup
p=uγv
[min{1, f(λ)(uγv)}]
= sup
p=uγv
[min{1, f(λ)(p)}]
= f(λ)(p).
Hence f(χ) ◦ f(λ) ⊆ f(λ). Similarly we can prove the other case also.
Proposition 5.11. Let f : R→ S be a surjective homomorphism of Γ-semigroups. If
λ is a fuzzy quasi ideal of R, then f(λ) is a fuzzy quasi ideal S.
Proof. Let λ be a fuzzy quasi ideal of R. Then by Proposition 5.3, λ = µ∩ ν, for some
fuzzy right ideal µ and fuzzy left ideal ν of R. Hence by Proposition 3.6[17], f(µ) is a
fuzzy right ideal and f(ν) is a fuzzy left ideal of S. Let s ∈ S. Then
f(λ)(s) = sup
f(r)=s
λ(r)(for some r ∈ R)
= sup
f(r)=s
(µ ∩ ν)(r)
= sup
f(r)=s
min{µ(r), ν(r)}
= min{ sup
f(r)=s
µ(r), sup
f(r)=s
ν(r)}
= min{f(µ)(s), f(ν)(s)}
= (f(µ) ∩ f(ν))(s).
Consequently, f(λ) = f(µ) ∩ f(ν). So, f(λ) is the intersection of a fuzzy right ideal
f(µ) and a fuzzy left ideal f(ν) of S. Hence by Proposition 5.3, f(λ) is a fuzzy quasi
ideal S.
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Lemma 5.12. Let S be a Γ-semigroup and A,B ⊆ S. Then (1) A ⊆ B if and only
if µA ⊆ µB . (2) µA ∩ µB = µA∩B. (3) µA ◦ µB = µAΓB , where µA, µB denote the
characteristic functions of A and B respectively.
Proof. (1) The proof follows by routine verification.
(2) Let a ∈ S. Suppose that a ∈ A ∩ B. Then a ∈ A and a ∈ B, which implies
µA(a) = µB(a) = 1. Then
(µA ∩ µB)(a) = min{µA(a), µB(a)}
= 1 = µA∩B(a).
Again if, a /∈ A ∩ B. Then a /∈ A or a /∈ B, which implies µA(a) = 0 or µB(a) = 0.
Then
(µA ∩ µB)(a) = min{µA(a), µB(a)}
= 0 = µA∩B(a).
Consequently µA ∩ µB = µA∩B .
(3) Let a ∈ S. Suppose that a ∈ AΓB. Then a = xγy for some x ∈ A, y ∈ B and
γ ∈ Γ. Then
(µA ◦ µB)(a) = sup
a=uδv
min{µA(u), µB(v)}
≥ min{µA(x), µB(y)}
= min{1, 1} = 1.
So (µA ◦µB)(a) = 1. Since a ∈ AΓB,µAΓB(a) = 1. In the case, when a /∈ AΓB then we
have, (µA ◦ µB)(a) = 0 = µAΓB(a). Thus we obtain µA ◦ µB = µAΓB.
The following theorem is the characterization of regular Γ-semigroup in terms of
fuzzy quasi ideals.
Theorem 5.13. In a Γ-semigroup S the following are equivalent: (1) S is regular, (2)
for every fuzzy right ideal µ and every fuzzy left ideal λ of S we have µ ◦λ = µ∩λ, (3)
for every fuzzy right ideal µ and every fuzzy left ideal λ of S we have (a) µ ◦ µ = µ, (b)
λ ◦ λ = λ, (c) µ ◦ λ is the fuzzy quasi ideal of S, (4) every fuzzy quasi ideal δ has the
form δ = δ ◦ χS ◦ δ, where χS is the characteristic function of S.
Proof. (1)⇒ (2) : by Theorem 4.7([17]).
(2)⇒ (3) : (a) and (b) can be verified by routine calculation.
17
(c) From Proposition 5.3, it is clear that the intersection of any fuzzy right ideal
and fuzzy left ideal of S is a fuzzy quasi-ideal of S. Hence by (2) the result follows.
(3)⇒ (4) : Let (3) holds. Let δ be a fuzzy quasi ideal of S. Then δ ◦ χS and χS ◦ δ
are fuzzy right and left ideals of S respectively. Then by conditions (b), (c) we obtain
(δ ◦ χS) ◦ (χS ◦ δ) = δ ◦ (χS ◦ χS) ◦ δ = δ ◦ χS ◦ δ
is a fuzzy quasi ideal of S. Also we have
δ ◦ χS ◦ δ ⊆ (δ ◦ χS) ∩ (χS ◦ δ) ⊆ δ..............(A).
Now
δ ⊆ δ ∪ (δ ◦ χS)
= (δ ∪ (δ ◦ χS)) ◦ (δ ∪ (δ ◦ χS))(by condition (3)(a))
= ((δ ∪ (δ ◦ χS)) ◦ δ) ∪ ((δ ∪ (δ ◦ χS)) ◦ (δ ◦ χS))
= ((δ ◦ δ) ∪ (δ ◦ χS ◦ δ)) ∪ ((δ ◦ δ ◦ χS) ∪ ((δ ◦ χS) ◦ (δ ◦ χS)))
⊆ ((δ ◦ χS) ∪ (δ ◦ χS)) ∪ ((δ ◦ χS) ∪ (δ ◦ χS))
= δ ◦ χS(since δ ◦ δ ⊆ δ, δ ◦ δ ⊆ δ ◦ χS and δ ◦ χS is a fuzzy right ideal of S).
Similarly we obtain δ ⊆ χS ◦ δ. Then δ ⊆ (δ ◦ χS) ∩ (χS ◦ δ). Thus
δ = (δ ◦ χS) ∩ (χS ◦ δ)
= ((δ ◦ χS) ◦ (δ ◦ χS)) ∩ ((χS ◦ δ) ◦ (χS ◦ δ))(by condition (a), (b))
= ((δ ◦ χS ◦ δ) ◦ χS) ∩ (χS ◦ (δ ◦ χS ◦ δ))
⊆ δ ◦ χS ◦ δ(since δ ◦ χS ◦ δ is fuzzy quasi ideal of S).........(B).
By (A) and (B) we obtain δ = δ ◦ χS ◦ δ.
(4) ⇒ (1) : Let (4) holds. Let x ∈ S. Let us consider the quasi ideal Q[x] =
{x} ∪ (xΓS ∩ SΓx) generated by x. Then the characteristic function χQ[x] of Q[x] is a
fuzzy quasi ideal of S. Then
χQ[x] = χQ[x] ◦ χS ◦ χQ[x] = χQ[x]ΓSΓQ[x](cf. Lemma 5.12).
Since χQ[x](x) = 1. Then χQ[x]ΓSΓQ[x](x) = 1. Consequently, x ∈ Q[x]ΓSΓQ[x]. Then
there exist some y ∈ S, α, β ∈ Γ such that x = xαyβx. Hence S is regular.
Theorem 5.14. A Γ-semigroup S is regular and intra-regular if and only if every quasi
ideal of S is idempotent.
Proof. Let S be a Γ-semigroup which is regular and intra regular. Let Q be a quasi ideal
of S. Then QΓS ∩ SΓQ ⊆ Q. Therefore QΓQ ⊆ QΓS ∩ SΓQ ⊆ Q. Let a ∈ Q. Then
18
there exists x, u, v ∈ S and α, β, γ, δ, σ ∈ Γ such that a = aαxβa and a = uγaδaσv.
Therefore
a = aαxβa = aαxβaαxβa = aαxβ(uγaδaσv)αxβa
= (aαxβuγa)δ(aσvαxβa) ∈ QΓQ.
Since aαxβuγa ∈ QΓS ∩ SΓQ ∈ Q, aσvαxβa ∈ QΓS ∩ SΓQ ⊆ Q, we deduce that
a ∈ QΓQ. Therefore Q ⊆ QΓQ and so Q = QΓQ.
Conversely, let every quasi ideal of a Γ-semigroup S be idempotent. Let a ∈ S. Now
let us consider the quasi ideal Q[a] = {a} ∪ (aΓS ∩ SΓa) generated by a of S. Then
Q[a] = Q[a]ΓQ[a]. So a ∈ Q[a]ΓQ[a] = (aΓa) ∪ (aΓ(aΓS ∩ SΓa)) ∪ ((aΓS ∩ SΓa)Γa) ∪
((aΓS ∩ SΓa)Γ(aΓS ∩ SΓa)). Consequently a = aαxβa and a = yγaδaσz for some
x, y, z ∈ S and α, β, γ, δ, σ ∈ Γ. Therefore S is regular and intra regular.
Theorem 5.15. Let S be a Γ-semigroup. Then following are equivalent: (1) Every
quasi ideal of S is idempotent. (2) Every fuzzy quasi ideal of S is idempotent.
Proof. Let (1) holds. Let µ be a fuzzy quasi ideal of S. Then µ◦µ ⊆ (µ◦χ)∩(χ◦µ) ⊆ µ.
Now by Theorem 5.14, S is a regular and intra-regular Γ-semigroup. Then for a ∈ S,
a = aαxβa and a = yγaδaσz for some x, y, z ∈ S and α, β, γ, δ, σ ∈ Γ. Therefore
a = aαxβa = aαxβaαxβa = aαxβ(yγaδaσz)αxβa = (aαxβyγa)δ(aσzαxβa). Now
every fuzzy quasi ideal is fuzzy bi-ideal. Therefore
(µ ◦ µ)(a) = (µ ◦ µ)((aαxβyγa)δ(aσzαxβa))
≥ min{µ(aαxβyγa), µ(aσzαxβa)}
≥ min{min{µ(a), µ(a)},min{µ(a), µ(a)}}
= µ(a) for all a ∈ S.
Therefore µ◦µ ⊇ µ. Consequently µ = µ◦µ. Hence (2) follows. Let (2) holds. Let Q be
a quasi ideal of a Γ-semigroup S. Then by Theorem 5.6, CQ is a fuzzy quasi ideal of S.
So by (2), CQ ◦ CQ = CQ ⇒ CQΓQ = CQ. Therefore Q = QΓQ. Hence (1) follows.
Theorem 5.16. Let S be a Γ-semigroup. Then followings are equivalent: (1) S is
regular and intra regular. (2) Every fuzzy quasi ideal is idempotent. (3) Every fuzzy bi
ideal is idempotent.
Proof. (1) ⇒ (3) : Let S be regular and intra-regular. Let µ be a fuzzy bi-ideal of S.
Let a ∈ S. Then a = aαxβa and a = yγaδaσz for some x, y, z ∈ S and α, β, γ, δ, σ ∈ Γ.
Then
(µ ◦ µ)(a) = (µ ◦ µ)(aαxβa) = (µ ◦ µ)(aαxβaαxβa)
= (µ ◦ µ)(aαxβ(yγaδaσz)αxβa)
≥ min{µ(aαxβyγa), µ(aσzαxβa)}
≥ min{min{µ(a), µ(a)},min{µ(a), µ(a)}}
≥ µ(a) for all a ∈ S.
19
Therefore µ ◦ µ ⊇ µ. Again
(µ ◦ µ)(a) = sup
a=xγy
min{µ(x), µ(y)}
≤ sup
a=xγy
µ(xγy) = µ(a) for all a ∈ S.
Therefore µ ◦ µ ⊆ µ. Consequently µ = µ ◦ µ. Hence (3) follows. Since every fuzzy
quasi ideal is fuzzy bi-ideal, so (3) ⇒ (2). Also by Theorem 5.14 and 5.15 we have
(2)⇒ (1).
Theorem 5.17. Let S be a Γ-semigroup and µ be a non-empty fuzzy subset of S. Then
µ is a fuzzy quasi ideal of S if and only if x = bαs, x = tβc⇒ µ(x) ≥ min{µ(b), µ(c)},
where b, s, t, c ∈ S, α, β ∈ Γ.
Proof. Let µ be a fuzzy quasi ideal of S and x ∈ S. Then (χ ◦ µ) ∩ (µ ◦ χ) ⊆ µ which
implies µ(x) ≥ ((χ ◦µ)∩ (µ ◦χ))(x) = min{(χ ◦µ)(x), (µ ◦χ)(x)}. Since x = bαs where
b, s ∈ S, α ∈ Γ, we have
(µ ◦ χ)(x) = sup
x=uδv
[min{µ(u), χ(v)}] ≥ min{µ(b), χ(s)}
= min{µ(b), 1} = µ(b).
Similarly, for x = tβc where t, c ∈ S, β ∈ Γ, we have (χ ◦ µ)(x) ≥ µ(c). Hence
µ(x) ≥min{µ(b), µ(c)}.
Conversely, let us suppose that x = bαs, x = tβc⇒ µ(x) ≥ min{µ(b), µ(c)}, where
b, s, t, c ∈ S, α, β ∈ Γ. If there do not exist y, z ∈ S and γ ∈ Γ such that x = yγz, then
((χ ◦ µ)∩ (µ ◦ χ))(x) = 0 ≤ µ(x). Then (χ ◦ µ)∩ (µ ◦ χ) ⊆ µ and the proof follows. Let
there exist y,m, n, z ∈ S and θ, η ∈ Γ such that x = yθm and x = nηz, Then
(µ ◦ χ)(x) = sup
x=yθm
[min{µ(y), χ(m)}]
= sup
x=yθm
[min{µ(y), 1}]
= sup
x=yθm
µ(y).
Similarly (χ ◦ µ)(x) = sup
x=nηz
µ(z). Then
((χ ◦ µ) ∩ (µ ◦ χ))(x) = min{(χ ◦ µ)(x), (µ ◦ χ)(x)}
= min{ sup
x=yθm
µ(y), sup
x=nηz
µ(z)}
= sup
x=yθm
sup
x=nηz
min{µ(y), µ(z)}
≤ sup
x=yθm
sup
x=nηz
µ(x) = µ(x).
Consequently, (χ ◦ µ) ∩ (µ ◦ χ) ⊆ µ. Hence µ is a fuzzy quasi ideal of S.
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Theorem 5.18. Let S be a Γ-semigroup and µ be a non-empty fuzzy subset of S.
Then µ is a fuzzy quasi ideal of S if and only if x = bαs, x = tβc ⇒ µ(x) ≥
max{min{µ(b), µ(c)},min{µ(t), µ(s)}} where b, s, t, c ∈ S, α, β ∈ Γ.
Proof. Let µ be a fuzzy quasi ideal of S. Let b, s, t, c ∈ S, α, β ∈ Γ be such that x =
bαs, x = tβc. Then by Theorem 5.17, µ(x) ≥ min{µ(b), µ(c)}. Again if x = tβc, x = bαs,
then by Theorem 5.17, µ(x) ≥ min{µ(t), µ(s)}. Hence
µ(x) ≥ max{min{µ(b), µ(c)},min{µ(t), µ(s)}}.
Conversely, using similar argument as in Theorem 5.17 the proof follows.
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